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Theory of Laminar Viscous-Inviscid Interactions
in Supersonic Flow

JOHN M. KLINEBERG* AND LESTER
California Institute of Technology, Pasadena, Calif.

This investigation is concerned with those fluid-mechanical problems in which the pressure
distribution is determined by the interaction between an external, supersonic inviscid flow
and an inner, laminar viscous layer. The boundary-layer approximations are assumed to re-
main valid throughout the viscous region, and the integral or moment method of Lees and
Reeves, extended to include flows with heat transfer, is used in the analysis. The general
features of interacting flows are established, including the important distinctions between
subcritical and supercritical viscous layers. The equilibrium solution representing self-
induced boundary-layer flow along a semi-infinite flat plate is determined, and a consistent
set of departure conditions is derived for determining solutions to interactions caused by ex-
ternal disturbances. Complete viscous-inviscid interactions are discussed in detail, with
emphasis on methods of solution for both subcritical and supercritical flows. Results of the
present theory are shown to be in good agreement with the measurements of Lewis for bound-
ary-layer separation in adiabatic and nonadiabatic compression corners.
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Nomenclature
= velocity profile parameter, Eqs. (5); also speed of

sound
= functions denned in Eq. (17)
= enthalpy profile parameter (dS/drj^o, Eq. (6)
= functions defined in Eq. (15)
= specific heats at constant volume and constant

pressure

= coefficients of polynomial representations of profile
functions
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= function defined in Eq. (16)
= total enthalpy
= 0,-A*
= ef/d*
= thermal conductivity
= [(7 — 1)/2]M"2; also exponent in similar velocity law
= Mach number
= functions defined in Eq. (14)
= static pressure

= perturbation functions defined in Eq. (22)
= Prandtl number jucp//c

&u V— — J dY] also reattachment point
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= 2 I (

(ho/hoe — 1), total enthalpy function; also separa-
tion point
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static temperature
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velocity components parallel and normal to surface
Stewartson's transformed velocity components
coordinates parallel and normal to surface
Stewartson's transformed coordinates£«•

1 Y

= inclination of local tangent to surface, measured
positive for an expansion turn

= CP/CV, ratio of specific heats
= boundary-layer thickness
= transformed boundary-layer thickness
= f M l — —— ) dY, transformed displacement

J 0 \ U e /
thickness

= perturbation parameter
= Y{ [(m + l)/2] Ue/v^X]1/2, Falkner-Skan variable
= I l —— ( 1 — —— ] dY, transformed momentum

Jo Ue \ Ue)
thickness

= I l —— ( 1 ~~ ——2 } dYt transformed mechanical

energy thickness
= local angle between external streamline at y = 8 and

the x axis, tsua~l(ve/ue)
= viscosity coefficient
= Prandtl-Meyer angle; also kinematic viscosity ju/p

gas density- - rJo
, shear stress

coefficients for T(a,b), Eq. (7)
M^(C)ll2/(Rex)112, hypersonic parameter

Subscripts

BL = Blasius point
CR = critical
e,8 = local external, inviscid
i = transformed, incompressible
LE leading edge
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r = ratio of quantities upstream and downstream of
jump

SI = strong interaction
TH = throat conditions
w = wall (surface)
WI = weak interaction
0 = reference conditions
1 = upstream of jump
2 = downstream of jump
00, °° — = freestream conditions upstream of interaction
00 + = conditions far downstream of interaction

I. Introduction

IN the usual formulation of boundary-layer theory, the
distribution of static pressure along the surface is deter-

mined by the inviscid flow over the body in the absence of a
boundary layer. In this sense, the effects produced by the
viscous stresses are assumed to result in perturbations on an
existing flowfield. There are many important problems in
fluid mechanics, however, for which the static pressure dis-
tribution cannot be specified in advance but is determined
by the interaction between the outer inviscid flow and the
inner viscous layer near the surface. One of the most inter-
esting problems of this type is the viscous-inviscid interaction
caused by a rise in static pressure in the external supersonic
stream. This pressure rise may be generated, for example,
by an incident oblique shock or a compression corner, and
often induces boundary-layer separation far upstream of the
location of the disturbance. This type of interaction, where
there is a strong coupling between the outer inviscid flow and
the inner boundary layer, requiring the simultaneous de-
velopment of both solutions, is the subject of the present
theoretical investigation.

Because of the complexity of these viscous-inviscid inter-
actions, an integral or moment method is used in the analysis,
as discussed in Sec. II. The governing differential equations
for adiabatic and nonadiabatic flows are developed in Sec.
Ill, and the nature of the solutions of these equations is dis-
cussed in Sec. IV. Section V contains a description of specific
methods of solutions for various interactions, whereas the re-
sults of some numerical computations are given in Sec. VI.

II. Theoretical Considerations

In the solution of many boundary-layer problems, a method
utilizing integral relations is often required. The basic ad-
vantage of this approach is that it allows the partial differ-
ential equations describing the flow to be integrated across
the viscous layer and reduced to ordinary differential equa-
tions. Although some of the details of viscous-inviscid
interactions cannot be examined in this manner, an integral
formulation permits the understanding of maiiy of the im-
portant features of the flowfield through a relatively simple
analysis of the influence of the main parameters.

In addition to the integrated form of the three conservation
equations for mass, momentum, and energy, it is necessary to
use at least one moment of the momentum equation in order
to avoid the semiempirical features inherent in methods such
as the Crocco-Lees1 mixing theory. This additional equa-
tion has been used by Button,2 Walz,3 Tani,4 and more re-
cently by Lees and Reeves,5'6 among others. It is also
necessary to couple the viscous and inviscid flows at the
boundary-layer edge through a relation between Q(x) =
tsni~lve/Ue, the induced inclination of the inviscid stream-
line at y = 5, and Me(x), the Mach number at the edge of
the viscous layer. The use of this system of equations per-
mits the introduction of four dependent functions to describe
the flow: a thickness parameter di*(x), the Mach number
Me(x)j and two independent profile parameters, a(x) and
b(x), to represent the velocity and total enthalpy profiles.
The distributions of the dependent quantities as functions of
x are determined by the solution of the differential equations

subject to the boundary conditions associated with a specific
viscous-inviscid interaction.

III. Differential Equations

The basic system of equations consists of the three con-
servation equations for compressible flow and the equation
for the rate of change of mechanical energy, obtained by
multiplying the momentum equation by the velocity u.
The boundary-layer approximations are assumed to be valid,
and the equations are integrated across the viscous layer
and transformed into an equivalent incompressible form by
means of the Stewartson7 transformation. The resulting
s}^stem of four first-order, nonlinear, ordinary differential
equations can be written as follows.

Continuity:

, <^ * ["^5C _ 1 + me dE~]
dx [_ dx me dx J

jdx
I + me
n ,me(l + mo tanO (1)

Momentum:

dx dx
MK

dx Me Re8i*
(2)

Moment of momentum (mechanical energy) :

^~ + h* ~~ + fc*(3/ ~ 2T7*) Xdx dx
dlnMe _ R

Energy :

- > -dx dx

dx

r* x
d liiMe

Me Re8i*
(3)

Q
dx Me PrJleSi*

(4)

This is the minimum number of equations necessary to de-
scribe nonadiabatic viscous interactions adequately. Addi-
tional moments can be added at the cost of including addi-
tional velocity-profile and enthalpy-profile parameters.
This increased complexity, however, is not thought worth-
while at the present time, and the simplest possible formula-
tion has been adopted.

A. Velocity and Total Enthalpy Profiles

Many of the difficulties previously encountered in the use
of integral methods can be traced to poor or inappropriate
profile representation. Lees and Reeves5 have shown that
the solutions of the Falkner-Skan8 equation for similar flow,
including the re versed-flow profiles found by Stewartson,9

can successfully be used to represent the flow quantities.
This approach has been followed here for flows with heat
transfer, using the Cohen-Reshotko10 analogs of Stewartson's
solutions in a manner similar to that employed by Holden.11

It should be emphasized that the use of similarity solutions
to represent profile quantities is entirely different from the
assumption of local similarity, where the profile shape is re-
lated to the local value of the pressure gradient. The present
approach also differs from the method proposed by Thwaites,12

in which the similar flow solutions are used to correlate a
profile-shape parameter and the local skin-friction coefficient
as a function of a local pressure-gradient parameter. No
dependence between profile shape and local pressure gradient
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is assumed in the present analysis, and the similarity solu-
tions are used only to specify relations among the different
functions of the velocity and total enthalpy distributions.
For example, if two parameters a and b are used to denote
the similar velocity and total enthalpy profiles, respectively,
functional relations of the form 3C = 3C(a), / = /(a), E =
E(a,b), T* = T*(a,b) are required. The distributions of a
and b as functions of x are then determined by the solution
of the differential equations with appropriate boundary
conditions.

Since the Cohen-Reshotko10 similarity variable rj and the
Y coordinate are linearly related, i.e., Y = krj, there is a direct
correspondence between the similar profile quantities and
the boundary-layer functions appearing in Eqs. (1-4). The
transformed displacement thickness, for example, can be
written

-£)*>
YA

a arj

where

and

rj(di) = 0/)wMe=o. 99= f/o-9

i.e., the edge of the boundary layer is taken at the point
where the velocity u = Q.99ue. It should be noted that the
choice of edge is not important provided a reasonable bound-
ary between the viscous and inviscid flows is taken. For
example, the edge may be defined as the point at which the
shear stress is 1% of its peak value, but the definition be-
comes meaningless if the shear is required to be 0.01% of its
maximum. In the moment method, the only function
which is sensitive to the choice of edge is the velocity integral
Z appearing in the continuity equation.

Using the quantity a = (l/ri)Y/di* as the scaling param-
eter, all nondimensional profile functions can be obtained
from equivalent similarity expressions. For example,

I. X

Ue

hence,

OC = - fn.99 f / 17 i ,
- I ! - T7" ) <fy

The two independent parameters used to describe the profile
functions can be selected from among the quantities appearing
in the similarity solutions, such as 3C, for example, which re-
main everywhere single-valued and finite. Following the
procedure of Lees and Reeves,5 the parameter describing the
velocity distribution was selected as follows.

Attached velocity profiles [/"(O) > 0]:

a(x) = 770.99 f(0) =

Separated velocity profiles [/"(O) < 0]:

0 < a < 4 (5a)

a(x) =
7/0.99

0 < a (5b)

T(a,b)

Fig. 1 Theoretical T distributions for flows near a solid
surface.

The second parameter was chosen to specify the distribu-
tion of total enthalpy as follows:

b(x) = 0 0.5 (6)

When a sufficient number of similarity solutions has been
obtained and the required profile quantities tabulated, the
easiest procedure is to express these quantities as poly-
nomial functions of the two parameters using a least-squares
curve fit. The distributions of integrals which are functions
of both a and b can be obtained from the polynomial repre-
sentation of the quantity a = a(a), and from the integrals

(b) = -f**nSdr, and T(a,b) = - Sdr,

where T(a,6) can be expressed in terms of the two parameters
as follows:

5 5
T(a,b) = E Tk(b)a*, where rk(b) = ̂  D^1 (7)

k=o 1=0
The distribution of the quantity T(a,b) is shown in Fig. 1,

and the coefficients of the curve fits of all profile functions
are given in Tables 1-3.

B. Induced Streamline Inclination 9

For two-dimensional interactions in which the local ex-
ternal flow can be considered isentropic, the inclination 0 =
tsn].~lVe/Ue of the inviscid streamline at y = d can be related
to the Mach number at the edge of the viscous layer through
the Prandtl-Meyer relation, i.e.,

9 = aw(x) (8)

where aw(x) is the inclination of the local tangent to the
surface, considered positive for an expansion turn. The
reference condition must be selected such that Mm± is the
Mach number which the local external flow either departs
from or approaches through an isentropic process.

For certain interactions, particularly in hypersonic flow,
a direct relation between 0 and the static pressure ratio may
be a better, or more convenient, approximation. In these
cases, the tangent-wedge relation is useful, i.e.,

-or

UiUe=0

(9)

This relation is obtained by examining the oblique shock
equations for small deflections and high Mach number and
is therefore valid for nonisentropic flows. However, since
the Mach number Me appears directly in the differential
equations, the external flow must usually be assumed isen-
tropic. An approximate method for including some of the
effects of the entropy variation induced by the curvature of
the leading-edge shock is discussed in Ref. 13.
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Table 1 Coefficients of functions JF = for S™ = °

Fct. Co Ci

Attached profiles
5C
/
Z
R
P

d3£/da
dJ/d3£

3C
J
Z
R
P

dW/da
dJ/dK

0.24711
0.37372
1.03539
1.25782

0.11056
1.50031

0.24711
0.37372
1.03539
1.25782

-0.25057
1.50031

0.11056
0.16969
0.48373

-0.55550
0.48745

-0.04245
0.28105

-0.25057
-0.42859
-1.02605

1.09008
-1.19450
-0.86024
-0.84045

-0.02122
-0.02336
-0.01502

0.31964
-0.09927

0.01304
-0.04287

-0.43012
0.33036

-1.12405
7.01736

-0.70990
0.42888
3.32376

0.00435
0.00572
0.02610

-0.09077
0.00960

-0.00389
0.00262

Separated
0.1430

-5.1517
-1.1456

-33.8762
-7.1253
-1.7068

-13.8668

-0.00097
-0.00175
-0.00370

0.01398
-0.00031

0.00050

profiles
-0.4267
10.5964
3.3434

196.7688
20.8568

-54.2937
5.4767

0.000099
0.000191

-0.000935

-10.8587
-5.8174

-371.9762
-100.2729

232.4553
30.1770

38.7425 -31.209

244.3095
310.2394 -263.587

-218.4644

C. Final Form of Differential Equations where

Once the functional dependence of the profile quantities
with respect to a and b has been determined and either of the
relations, Eq. (8) or (9), for the streamline angle 0 is used,
the only dependent variables in the differential equations,
Eqs. (1-4), are Me(x), 5i*(x)t a(x), and b(x). By regarding
the equations as a set of algebraic relations for the four un-
known first derivatives and solving simultaneously, the follow-
ing convenient form for numerical computation is obtained: an(}

8* dMe

Me dx

dx

Me D(Me,a,b)

^ Nz(M,,a,b,h)
Me D(Me,a,b)

da = /3C M^
* dx Re8i* Me D(M.,a,b)

Nt(Me,a,b,h)
dx ~ Rest* Me D(Me,a,b)

(10)

(11)

(12)

(13)

D(M,,a,b) =
N^Me.a^h) =

N2(M9,a,b,h) =
N*(Me,a,b,h) = B^T^/m

M,,a,b,h) = Btf + B&F +

ft = ^.6dF/da + (A4 -
B, = A<jbT*/ba + (A, - As)T*dW/da

B4 =

(14)

(A4/ -

B7 = Ash - (AJ + A,F)
B8 = A&Q - (A, + A7)r*

(15)

Table 2 Coefficients of functions f°r &v> = ~0.8

Fct.

5C
J
Z
R
P

dJ/d3Z
OL

da/da

5C
J
Z
R
P

dWL/da

a.
da/da

0.21360
0.31943
0.85886
1.46008

0.14559
1.47875
0.34201
0.27176

0.21360
0.31943
0.85886
1.46008

-0.14158
1.47875
0.34201
-0.16153

0.14559
0.21814
0.57514
-0.97913
0.53307
-0.05113
0.30409
0.27176

-0.35692

-0.06348
-0.19173
-0.55378
-0.39010
-0.67296
-0.73754
-1.08822
-0.16153
-1.32214

Attached profiles
-0.02557 -0.00186

-0.00236
0.11862

-0.22727
0.00786

-0.02530
-0.07002

0.66413
-0.13418
-0.00559
-0.04296
-0.17846

0.67179

0.00614

0.22393
-0.30999

Separated profiles
-1.82056 10.5576

3.4359
-6.2356

-174.5137
-18.2666

6.2296
-27.6252

-0.86790
-0.28422
28.23864
1.87130

-0.63091
6.76658

-0.66107
0.33669

0.1122
1.9073

0.001535
0.000699

-0.043803
0.040415
0.004420

-0.000828

-0.077497
0.041725

-37.0821
-15.7682
12.5892
579.1440
32.7836

-66.1475
34.3417
0.4768

-0.000166

0.004701
-0.002924
-0.000652

0.008345

57.6139
28.6497
-6.4777

-831.3955
-13.0597
190.6747

-31.3578
-16.5293

449.0166

-148.9183
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Table 3 Coefficients of functions OF = Ckbkfor Sw = -0.8

Fct.

TO
a"

d<r/dba

d<r/dbb

TI
T2

TS
T4

T5

Tl

T2

T3

T4

T5

3.83752
6.58297

-67.73754
-26.00272

1.40078
-0.61326

0.27055
-0.07926

0.00886

-2.40293
9.90203

-64.89342
85.64821

-37.67211

-50.4572
-65.9303
822.7200
156.8862

-5.4123
3.1527

-1.4014
0.3459

-0.0293

2.6544
148.1774

-732.9078
1753.8714

-946.2056

All profiles
298.3153
388.3395

-3964.621
-364.054

Attached profiles
-5.0795

5.2273
-0.7717

0.0244
-0.0827

Separated profiles
106.704

-2296.430
11501.861

-22042.646
10221.085

-931.740
-1281.151

6877.003
303.164

72.853
-72.156

27.041
-5.457

0.993

-599.404
10542.237

-51438.209
91942.596

-38487.998

1484.142
2169.799

-159.677
178.176

-76.321
16.185

-2.676

1245.35
-20643.13

98239.36
-168678.92

64640.07

-946.400
-1462.240

114.788
-142.029

66.368
-14.452

2.312

-922.51
14902.15

-69432.32
115980.25

-41071.43

« b < 0.2.
6 6 > 0.2.

where

da da me da '
me

me

7 Me 1 + rae ^ tanG
" = TF~ —7,—i———7 Re&i* ~~FTMm me(l + moo) C

(16)

and

A! = 23C + 1 - E, A5 = 3J - 2T*

(17)

A4 = PdJ/d3£ — R, A8 = AidJ/d3£ — A$
For the adiabatic case, Eqs. (14) reduce to the following:

D(Me,a) = A, + A3/ - A8F
Ni(Me,a,h) = At + Ash — A4F
N2(Me,a,h) = A7 + A4/ - AgA

where # - T* - 0 in Eqs. (17).

IV. Nature of Solutions

A. Subcritical and Supercritical Flows

The essential difference between subcritical and super-
critical flows is the inherent instability of subcritical boundary
layers as opposed to the stable, or relaxing, nature of super-
critical flows. At local supersonic speeds, a thickening sub-
critical boundary layer, for example, produces a rise in
pressure in the external stream which causes a still greater
thickening of the layer. Also, a thinning subcritical layer
produces a negative pressure gradient in the flow direction
which leads to additional thinning of the layer. A supercriti-
cal boundary layer, on the other hand, cannot generate its
own pressure gradient and therefore cannot respond smoothly
to a disturbance located downstream. This distinction be-
tween subcritical and supercritical flows was first pointed out
by Crocco14 for the case of turbulent boundary layers.

The phenomenon of subcritical-supercritical flows can be
demonstrated by integrating the equations for compressible
boundary-layer flow to obtain a relation for the induced
streamline angle at y = 5 (see Lees15). For adiabatic flow,
for example,

tane(5) = J- fU Pyp dx [ J o _ X

(18)

where M2 = -u2/a2.t Now, on the scale of disturbance of
particular interest here, the first term on the right-hand side
of the previous equation is much larger than the second term.
For hypersonic flow, where tan0(5) ^ dd/dx, Eq. (18) shows
that the sign of dd/dp depends on the sign of the integral.
For a flat plate, for example, (1 — ry/px] > 0; hence, the
sign of the integral depends on the behavior of the quantity
(1 — M2)/7kf2 across the viscous layer. If the subsonic por-
tion of the boundary layer is sufficiently large, dd/dp > 0
and the viscous layer is subcritical. On the other hand, if the
subsonic region is small, dd/dp < 0 and the viscous layer is
supercritical. In fact, a detailed analysis (see Lees,15 Gar-
vine,16 and Section V.A of this paper) shows that the pres-
sure and boundary-layer thickness diverge initially from the
equilibrium strong-to-weak interaction at an exponential
rate when the layer is subcritical. If the flow is supercritical,
however, the viscous layer always returns to the equilibrium
solution when perturbed slightly.

B. Subcritical-Supercritical Transition

In the moment method formulation, the simultaneous
vanishing of the determinant D and the numerators N, Eqs.
(14), describes a locus of singular points at which the deriva-
tives dMe/dx, da/dx, etc. are not single-valued. It is this
locus of singularities of the system of equations which marks
the transition between subcritical and supercritical flows.

For adiabatic boundary layers, the points D = 0 prescribe
a unique relationship between Me and a, as shown in Fig. 2.
In this case, the critical points D = 0 lie in the region a >

t The integrand in this equation remains finite near y = 0
since (px — ry) <^uz near the wall.
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Fig. 2 Locus of critical points for Sw = 0 and Sw = —0.8.

aBL, corresponding to velocity profiles that have been ac-
celerated above the zero pressure-gradient solution, e.g.,
flow in an expansion turn. Self-induced viscous flow along
a flat plate and interactions caused by compressive distur-
bances are therefore always subcritical in adiabatic flow, and
D 7^ 0 everywhere in the interaction region.

For nonadiabatic boundary layers, the locus of critical
points D = 0 describe a surface which is a function of Me, a,
and b. In highly cooled (Sw = —0.8) flow, the critical points
for Me > 2 lie in the region a < asL, Fig. 2, corresponding to
velocity profiles between the separation and flat-plate solu-
tions. Viscous flow along a highly cooled surface is therefore
supercritical unless there is a compressive disturbance which
decelerates the flow toward separation. If such a distur-
bance is present, the boundary layer must undergo a transition
from a supercritical to a subcritical state at some location
upstream of the disturbance.

In the moment method formulation, the condition for
continuous transition between subcritical and supercritical
flows is given by the requirement for the numerators NI, N%}
Nz, and N± in Eqs. (10-13) to vanish when D = 0. It is
sufficient, however, for only one of the numerators to vanish
at the critical point since the N's are obtained from the same
set of equations and thus are not all independent. The
relation for the singular point, or throat, can thus be written

da da / 56 56
r dw 5rn v
L da 56 J f j (19)

For adiabatic flow, this reduces to the simple expression

- A2)/A,]D=0

One result to be obtained from these equations is the re-
quired sign of the induced streamline inclination 0 at the
throat. For adiabatic flow, for example, ATH > 0; hence, the
angle 0 must be positive at the critical point to allow the
boundary layer to pass through the singularity. Using the
Prandtl-Meyer relation, Eq. (8), this means that transition
can only occur along a surface for which

aw(x) (20)

Since the adiabatic boundary layer must be accelerated in
order to become supercritical, Me > Mm— and the right-hand
side of the previous inequality is positive. Smooth sub-
critical-supercritical transition is therefore possible for adia-
batic flow in an expansion turn provided the throat is located
along the curved portion of the body [aw(x) > 0].

The inequality given in Eq. (20) also indicates a second
possibility for smooth transition in adiabatic flow. For a
supercritical boundary layer expanding toward a downstream
Blasius condition, such that Me < Mm-, smooth transition
from a supercritical to a subcritical state can occur along a
flat surface. This situation can arise for flow along an adia-
batic flat plate downstream of either a blunt leading edge

or an expansion corner in which the boundary layer becomes
supercritical.

For highly cooled (Sw = —0.8) flow at moderately super-
sonic Mach numbers (Me > 2), the induced angle 0 must be
negative at the throat. Smooth transition is therefore
possible provided

aw(x) < v(Me) (21)

Since nonadiabatic flat-plate flow is initially supercritical,
Eq. (21) indicates that continuous supercritical-subcritical
transition is not possible on a flat surface upstream of a
compressive disturbance (Me < M^-). Although the in-
equality implies that smooth transition might occur in a
gradual compression turn [0^(2) < 0], such particular solu-
tions are of little practical interest. In highly cooled flows,
therefore, the viscous-inviscid interaction caused by a com-
pressive disturbance cannot occur smoothly, but must be
initiated by a discontinuous transition, or jump, to a sub-
critical state at some point upstream of the disturbance.
The jump, of course, is an approximation to the actual transi-
tion from supercritical to subcritical flow occurring over one
or two boundary-layer thicknesses (see Sec. V.B). The
boundary layer downstream of the jump remains subcritical
through the interaction region and can return to a super-
critical state far downstream of the disturbance, where Me >
Mm+ and smooth transition along a flat surface is possible.

C. Solutions in the Phase Space

An understanding of some of the aspects of viscous-inviscid
interactions can be obtained from an analysis of the behavior
of integral curves in the Resi* — a — Me phase space. For adia-
batic flow, the critical points D = 0 define a cylindrical sur-
face in the phase space parallel to the Redi* axis dividing the
domain into subcritical and supercritical regions. At a given
reference Mach number, the singular points Ni = D = 0,
Eq. (14), describe a line on this surface for each value of aw(x).
For the special case of flat-plate flow [aw(x) = 0], the locus
of singularities represents the intersection of the critical sur-
face with the surface containing the Blasius point at down-
stream infinity. This second surface has been called the
"relaxation surface" by Tyson,17 who demonstrated nu-
merically that all integral paths which relax to the Blasius
condition lie in this surface. By using the proper form of
the moment equations, the relaxation surface can be extended
to include the leading-edge singularity and thus contains the

Fig. 3 Phase-space geometry for adiabalic flow.
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complete equilibrium solution for undisturbed viscous flow
over a semi-infinite flat plate. With this consideration, the
geometry of the phase space for adiabatic flow is shown in
Fig. 3.

The existence of the relaxation surface is very important
in the analysis of viscous-inviscid interactions. Only those
integral paths that lie in the relaxation surface can decay
toward the downstream Blasius condition, while all other
solutions diverge away from the surface. The diverging
solutions, or departure integrals, correspond to flow upstream
of some disturbance, whereas solutions in the relaxation sur-
face represent flow downstream of a disturbance. In the
supercritical portion of the phase space, on the other hand,
all integral paths converge toward the singular line; hence
there are no departure integrals. These flows can respond to
a downstream disturbance only through a jump from the
solution in the supercritical region to the corresponding sub-
critical departure integral. In the absence of external dis-
turbances, however, the solution curves pass continuously
into the relaxation surface on the subcritical side. The locus
of singularities Ni = D = 0 is therefore a line of nodal points
for all supercritical-subcritical trajectories, and at every
singular point there is one exceptional nodal path that re-
mains in the relaxation surface. All other integral curves
leave the relaxation surface in response to some downstream
disturbance.

The analysis of trajectories in the phase space indicates an
important numerical procedure for obtaining solutions to
many viscous-inviscid interactions. Since all departure
integrals diverge away from the relaxation surface in the
downstream direction, any perturbation of a solution lying
in the surface will generate a departure integral. As a result,
it is difficult to obtain an integral curve remaining in the
relaxation surface, particularly if the solution approaches the
line of singularities. Integration in the upstream direction is
stable, however, since in this manner the departure integral
passing through any point in the phase space can be traced
back to its origin on the relaxation surface. For many
interactions, it is necessary to determine the downstream, or
relaxing, portion of the solution by integrating away from the
Blasius point corresponding to the final freestream Mach
number. The complete solution can be determined by
matching the upstream and downstream branches of the
integral curve at some intermediate point. The method of
iterating for the correct trajectory in the relaxation surface
is described in Sec. V.C.

For highly cooled (Sw = —0.8) flows, the Blasius point lies
in the supercritical portion of the phase space. The relaxa-
tion surface therefore contains those subcritical integral
curves that converge toward the line of singularities, since
these are the only trajectories that can relax to a downstream
Blasius condition. All solutions in the supercritical region
decay toward the Blasius point, and there are no departure
integrals in this portion of the phase space. Supercritical-
subcritical transition on a highly cooled flat plate therefore
always takes place through a discontinuity, or jump, in the
flow quantities. The location of the jump is determined by
the condition that the subcritical branch of the solution down-
stream of the disturbance must lie in the relaxation surface
corresponding to Mm+ and subsequently pass through the
critical surface at the singular line.

V. Methods of Solution

A. Departure Conditions for Subcritical Flows

As indicated in Sec. IV, a small perturbation of any of the
integral paths lying in the relaxation surface generates a
departure solution on integration in the downstream direc-
tion. If the initial point in the relaxation surface lies along
the trajectory passing through the leading-edge singularity,
the departure integrals form a single-parameter family of

0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0
Re xx I0"5

Fig. 4 Effect of e on adiabatic free interaction.

solutions which can be described, for example, by the extent
of departure from any fixed point in the surface. This
family contains those integral paths usually referred to as
"free-interaction" solutions. The parameter describing the
departure distance can be determined by linearizing the equa-
tions about any point along the eigensolution representing
undisturbed flat-plate flow.

Ko and Kubota18 have performed this linearization for
adiabatic flow in the vicinity of the Blasius solution, using
the hypersonic form of the moment equations. The method
of analysis used is completely general, however, and the re-
sults are valid for all initial points except those in the im-
mediate neighborhood of the leading edge, where the surface
derivatives are of the same order as the departure derivatives.
The required perturbations for adiabatic and slightly cooled
subcritical flows are of the form

Me = Meo(l + Pie), 5,* = 5,fl*(l + P2e)

a = ao(l + Pse), b = b0(l + P4e)
(22)

where
Pi = [3£dJ/d3Q, - J]

P2 = [3J - 2T* - (23C + 1 - E)dJ/dW]
p, = [(23C + 1 - E)J - (3/ - 2T*)3C]/[d3£/da]

P4 = [(Pi + P2)T* + P£T*/c)a]/[<)T*/<)b]
The effect of the perturbation quantity e on the static

pressure ratio upstream of a disturbance in adiabatic flow is
shown in Fig. 4. The integral path 6 = 0 does not correspond
exactly to the unperturbed eigensolution because the weak-
interaction expansion used in the computation places the
initial point slightly off the relaxation surface. In general,
however, e < 0 generates the family of solutions going toward
separation, whereas e > 0 gives trajectories corresponding to
flow upstream of an expansion corner. As can be seen from
Fig. 4, the length scale for accelerating boundary layers is
much shorter than the scale for separating flows.

B. Departure Conditions for Supercritical Flows

For highly cooled flat-plate flows, there are no departure
solutions in the sense of the previous section since the flow is
supercritical and all perturbations decay exponentially in
the downstream direction. In the present method, the
transition from supercritical to subcritical flow is regarded
as discontinuous, and jumps in the fluxes of mass, momen-
tum, and mechanical energy are allowed. As previously
indicated, the requirement for a jump arises from the fact
that the actual transition from supercritical to subcritical
flow occurs over one or two boundary-layer thicknesses.
This scale of disturbance is much less than the length scale of
interest in the present analysis, and the rapid change in flow
quantities in the transition region is approximated by a dis-
continuity. In order to eliminate the need for a jump, it
would be necessary to include terms from the Navier-Stokes
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Fig. 5 Locus of jumps from Blasius and leading-edge
solutions.

equations which are neglected in the boundary-layer approxi-
mation, and, in particular, to allow for pressure variations
in the normal direction. There is a close analogy between
this situation and the ordinary shock wave in "inviscid" gas
dynamics, where the effects of viscosity and heat conduction
are confined to a narrow region and the Eulerian equations
are retained to describe the flowfield.

In the moment method, since the supercritical flow up-
stream of the jump is characterized by four quantities,
Me, 5;*, a, and 6, four equations are required to determine
the downstream conditions uniquely. These jump rela-
tions, which are discussed in Ref. 19, can be written in the
form

t 3C \
PrUM 1 + ——— ̂  ) ^2 = 0

\ Wlei" I/

(23)

Jl
— =r_mefi 1,, ,yM e,2

- J2)

rr * T 7 *"! /
^T ~ ^V + (1 ~ prUrM ^2*meiFi mezFz_\ \

77*
= 0

and

where the subscript r denotes the ratio of quantities upstream
and downstream of the jump, i.e.,

Mr = 77 ,̂ 5r* = r^, PrUr = **

The pressure and density ratios can be determined from
the change in Mach number Me by means of the oblique shock
relations, and the first three equations can be solved for a2,
62) and Mez for any given upstream conditions. The change
in the transformed displacement thickness can then be ob-
tained from the last equation. Some typical jumps from
the Blasius and strong-interaction solutions for highly cooled
(Sw = —0.8) flow are shown in Fig. 5.

The subcritical flow downstream of the jump generates a
pressure gradient along the surface which produces separation
and the beginning of a region of reversed flow. The de-
parture integrals, consisting of the jump and the interacting
boundary layer upstream of the disturbance, form a one-
parameter family of solutions for initial states corresponding
to flat-plate flow. Thus as a given disturbance moves
toward the leading edge, the boundary layer upstream of the

jump becomes more supercritical, the strength of the jump
increases and the separation point approaches the jump
location. For supercritical as well as subcritical flows, the
correct departure integral is always determined by the down-
stream boundary condition appropriate to the specific vis-
cous-inviscid interaction considered.

C. Downstream Solutions

As previously indicated, it is often necessary to obtain the
downstream portion of a particular solution by integrating
away from the Blasius point corresponding to the final free-
stream Mach number. It is not possible to integrate the
equations toward the leading edge in the physical space,
however, because the weak-interaction solution is obtained in
the asymptotic limit % ->• 0 and the value of the Reynolds
number Rex at the starting point is therefore not determined
within a small constant. The integration must be performed
in the phase space by iterating for the initial conditions in
the vicinity of the Blasius point which generate the required
trajectory.

The correct method of iteration for adiabatic flow is given
by an analysis by Ko and Kubota18 of the singular point at
downstream infinity. Their results indicate that solutions
in the relaxation surface can be determined by selecting initial
values for integration in the upstream direction such that

Me =

where

+

Aa =
- dR/da

(T - 1)2 / -

(24)

Xda JBL
/AM

Here the subscript WI refers to the eigensolution for % « 1
corresponding to the freestream Mach number, pressure,
density, and velocity far downstream of the interaction.
The starting values are iterated according to Eq. (24) until
the integral path which joins the upstream branch of the
solution is obtained. The result can be transformed into
physical coordinates by quadrature, and from the value of
Rex at the joining point the downstream solution can be
located in the physical space. Some of the trajectories in the
relaxation surface determined by this iteration procedure are
shown in Fig. 3.

For many interactions it may not be possible to assume
that the body extends far enough downstream for the effect
of the trailing edge to be neglected. In supercritical flow, if
the trailing edge is located downstream of the critical point,
the solution is independent of the length of the body. In
subcritical flow, however, the effect of finite length is com-
municated upstream into the interaction region. For con-
figurations for which there is a rapid expansion of the flow
at the trailing edge, however, the boundary layer must be-
come supercritical and D -> 0 at this location. The be-
ginning of the interaction and the magnitude of the per-
turbation € for these finite-length bodies may therefore be
determined such that D = 0 at the given location of the
trailing edge (see Ko and Kubota18).

VI. Numerical Results

A. Hypersonic Flow over a Semi-Infinite Flat Plate

For all sharp-nosed bodies in the absence of external dis-
turbances, the flowfield can be divided asymptotically into
two regions, the strong- and weak-interaction zones. Be-
cause of the singular nature of the solutions in these two re-
gions, asymptotic expansions for the flow variables can be
obtained for the interactions in both limits. In the strong-
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interaction region, for example, a coordinate expansion in
large x for the pressure ratio yields

+ + + • - •e o - ! 2 X • - •

whereas in the weak-interaction region, the pressure ratio is
of the form

(Pe/p^wi = 1 + aix + <*2X2 + . . .

The coefficients for these expansions are given in Refs. 13 and
20 (see also Kubota and Ko,21 for adiabatic weak-interaction
results). The complete solution for undisturbed flat-plate
flow can be determined, once the asymptotic expansions
have been obtained, by integrating the differential equations
in the intermediate region.

For an adiabatic surface, the eigensolution for self-induced
flow lies in the sub critical portion of the phase space, and the
integral path originating at the leading edge must be ob-
tained by integrating upstream, away from the Blasius point.
Using the iteration procedure described in Sec. V.C, the
correct trajectory is matched to the strong-interaction ex-
pansion to determine the initial value of Rex, and from this
the solution can be located in the physical space. The result
of this iteration for the pressure distribution is shown in Fig. 6.

For highly cooled (Sw = —0.8) flat-plate flow, integration
in the downstream direction is stable and the solution in the
intermediate region can be obtained directly. Using initial
conditions given by the strong-interaction expansion, the set
of differential equations can be integrated away from the
leading edge in the physical space. The result of this integra-
tion for the pressure distribution is shown in Fig. 6.

Because of viscous dissipation in the boundary layer, the
effect of any external disturbance can be considered negligible
at some point upstream of the location of the disturbance.
The results discussed previously, therefore, not only give a
solution to the classical problem of hypersonic viscous flow
over a semi-infinite flat plate, but also provide the locus of
approximate initial states for other viscous-inviscid inter-
actions. The solution for the interaction caused by a given
external disturbance is obtained by applying the proper
departure conditions to the eigensolution for self-induced
flow at a location where the effects of the external disturbance
are small. The correct location for the beginning of the
interaction is the one that generates a solution satisfying
the geometric constraints and boundary conditions associated
with a particular viscous-inviscid interaction.

Fig. 7 Trajectories for adiabatic boundary-layer/shock-
wave interaction.

reflected expansion fan. Since far from the body shock re-
flection from the viscous layer is identical with reflection
from a solid boundary, the downstream Mach number, Mm+,
can be taken to be the Mach number behind the reflected
shock which turns the inviscid flow parallel to the surface.
The induced streamline inclination 6 downstream of impinge-
ment can therefore be determined from the values of Mra+
and Me} the edge Mach number calculated from the static
pressure at impingement, and from the entropy change
across the incident shock. Thus for a given shock strength,
all conditions immediately downstream of the point of in-
cidence are uniquely determined from the viscous flow up-
stream of impingement.

In most interactions caused by incident shock waves, both
the location of impingement and the strength of the shock are
specified for a particular problem. As a result, an iterative
procedure must be used to obtain a solution satisfying the
required conditions. For adiabatic or slightly cooled sub-
critical flows, the Reynolds number Rexo denoting the be-

B. Interactions Generated by Incident Shock Waves

In the analysis of boundary-layer/shock-wave interactions,
the velocity profile, enthalpy profile, transformed displace-
ment thickness, and static pressure ratio are taken to be con-
tinuous at the shock-impingement location. The angle 0,
however, is discontinuous because the flow at the boundary-
layer edge is turned through both the incident shock and the

— — — STRONG-INTERACTION
EXPANSIONS

— —— WEAK-INTERACTION
EXPANSIONS

— -—— INTEGRAL SOLUTIONS

Fig. 6 Hypersonic flat-plate pressure distributions for
adiabatic and nonadiabatic flows.

Fig. 8 Tra-
" jectories for non-
adiabatic boun-
dary-layer/shock-
wave interaction.

Rex x ICT1
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Fig. 9 Experimental and theoretical pressure distribu-
tions for adiabatic flow.

ginning of the interaction must be selected far upstream of
the point of incidence. A departure integral leaving the
eigensolution for undisturbed flow and proceeding toward
separation can be obtained by applying a small negative
value of the perturbation parameter e to the viscous flow
at that location (see Fig. 4). Integration of the equations
is continued smoothly through separation to the point of
shock impingement, where, as discussed previously, new
initial conditions for the integral path downstream of the
incident shock are determined. If the subsequent trajectory
does not approach the downstream boundary conditions,
the assumed value for Rexo must be modified and the entire
procedure repeated. When the approximately correct
integral curve has been obtained, it is convenient to iterate
for the perturbation quantity e in order to determine the
exact solution. As a general rule, 0 < e < |emax where
emax is the value of the perturbation parameter which gives
dMe/dx = 0 at the beginning of the interaction.

The results of a typical computation for adiabatic flow
are shown in Fig. 7. The two solutions represent interac-
tions beginning in the weak-interaction zone for both a finite
(D —> 0 at the trailing edge) and a semi-infinite (Ni, N$ —> 0
as Rex —>• oo) flat plate. It is evident that a small change in
the value of e can generate very different integral curves
because of the high degree of nonlinearity of the equations
in the subcritical region.

For nonadiabatic supercritical flows, the interaction caused
by an incident shock wave must be initiated by a jump to a
subcritical state at some point upstream of the location of
impingement. The correct jump location is determined by
the requirement for smooth subcritical-supercritical transi-
tion downstream of reattachment. The method of solution
is similar to the one used for subcritical flows except that
there is only one iteration parameter, the Reynolds number
Rexo denoting the beginning of the interaction and the loca-
tion of the jump.

The results of a typical computation for highly cooled
(Sw = —0.8) flow at the same freestream conditions as the
previous adiabatic interaction are shown in Fig. 8. Since
the throat is a true saddle-point singularity for the system

O.I 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 I.I
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Fig. 11 Experimental and theoretical pressure distribu-
tions for nonadiabatic flow.

of differential equations, it is not possible to obtain a nu-
merical solution passing continuously from the subcritical
to the supercritical region. An effective procedure is to
iterate for the correct jump location Rexo and then to modify
slightly either the strength of the incident shock or the point
of impingement in order to extend the integral curve in the
downstream direction. When the location of the throat has
been determined as precisely as possible, the solution in the
subcritical region can be graphically extrapolated through
the singularity into the supercritical region. Downstream
of this point the equations are stable and the integration
proceeds smoothly toward the Blasius condition at infinity.

Figures 9-11 show comparisons of the theory for boundary-
layer/shock-wave interactions with several experimental
pressure distributions obtained by Lewis22 for flow in sharp
compression corners. As indicated by Reeves,23 the two
flowfields are similar provided ReXcorneT = ReXshock and the
total pressure ratio p^+fp^- is identical. The agreement
shown between theory and experiment is quite good, par-
ticularly since the measured value of the freestream pressure
pm~ represents an approximate quantity.24 If the effect of
even a very small flow inclination on the surface pressures
is included, i.e., if the plate is assumed to be at an angle of
attack a = — J°, the small systematic discrepancies between
theory and experiment disappear and the agreement is ex-
tremely good (Fig. 9).

The result of cooling the surface can be seen from a com-
parison of the previous figures. The most dramatic effect
of surface temperature is the marked change in the over-all
length of the interaction. For example, if the region of in-
fluence of the incident shock is considered to extend down-
stream to the point where Me = Mm+, the length of the inter-
action in highly cooled (Sw = —0.8) flow is reduced to 40%
of the length of the corresponding adiabatic interaction.

Figure 12 shows the pressure distributions for two inter-
actions occurring close to the plate leading edge in highly
cooled (Sw = —0.8) flow. The computations correspond to
ramp angles of 22.5° and 27.5° at a freestream Mach number
.Moo- = 16.0. These conditions are similar to those investi-

' 0 .04 .08 .12 .16 .20 .24 .28 .32 .36 .40 44
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Fig. 10 Experimental and theoretical pressure distribu-
tions for nonadiabatic flow.
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Fig. 12 Effect of disturbance strength in nonadiabatic
flow.
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gated by Miller, Hijman, and Childs,25 although the non-
isentropic effects caused by the curvature of the leading-edge
shock must be included in the calculations if a direct com-
parison between theory and experiment is to be made.
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